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SMOOTH CIRCLE ACTIONS ON S7 WITH UNBOUNDED PERIODS
AND NON-LINEARIZABLE MULTICENTRES
MASSIMO VILLARINI
Abstract. We will give an example of a smooth free action of S1 = U(1) on S7 whose
orbits have unbounded lenghts (equivalently: unbounded periods). As an application of
this example we construct a C∞ vector field X , defined in a neighbourhood U of 0 ∈ R8,
such that: U −{0} is foliated by closed integral curves of X , the differential DX(0) at 0
defines a 1-parameter group of nondegenerate rotations and X is not orbitally equivalent
to its linearization. This proves in the C∞ category that the classical Poincare´ Centre
Theorem, true for planar nondegenerate centres, is not generalizable to multicentres.
1. Introduction
Let X , Y , be C1 vector fields, respectively defined in the open sets U , V , and suppose
that q ∈ U , p ∈ V are stationary points. These vector fields define singular foliations of
U and V , and are orbitally equivalent if these foliations are equivalent. In other words,
X , Y are orbitally equivalent if there exists a diffeomorphism φ : U → V and a smooth
positive function f : U → R such that φ∗(fX) = Y . If Y = DX(0) the question of orbital
equivalence goes under the name of linearizability of a vector field in a neighbourhood
of a stationary point. Poincare´, Siegel, Sternberg, Arnold, Bruno and many others went
into the study of the delicate interplay of metrically generic arithmetic (diophantine)
conditions on the eigenvalues of the differential and the linearizability of the vector field,
the so called small divisors problem. On the other hand, prompted by non-generic but
important dynamical questions, e.g. Hamiltonian dynamics, Poincare´ himself started the
study of the following more geometric linearization problem, where diophantine conditions
fail. Let X be a vector field in U ⊂ R2, having a stationary point at 0, defining a foliations
by circles of U−{0}, such that DX(0) is the infinitesimal generator of the standard action
of S1 = SO(2) on R2: 0 is named nondegenerate centre. In [10] Poincare´ proved:
Theorem 1.1. (Poincare´ Centre Theorem) Let X be a real anlytic vector field in a neigh-
bourhood U ⊂ R2 of a nondegenerate centre at 0: then X is linearizable, i.e. is locally
orbitally equivalent to its linearization.
Poincare´ ’s proof of this theorem is analytic: a geometric proof due to Moussu [9]
appeared much later. For a smooth version see [16].
The question answered by this theorem has an obvious analogous in dimension 2n,
n > 1.
Definition 1.2. Let X be a C1 vector field defined in a neighbourhood V of 0, the origin
in R2n, n > 1. Then 0 is a nondegenerate multicentre for X if:
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(i) X(0) = 0
(ii) the differential at 0, DX(0), is the infinitesimal generator of a 1-parameter group
of nondegenerate rotations
(iii) there exists a neighbourhood U of 0, U ⊂ V , such that U − {0} is foliated by
closed curves which are trajectories of X .
The natural question to ask is:
Let 0 be a nondegenerate multicentre of X : is it linearizable?
Affirmative answer to this question was obtained by Urabe and Sibuya [15] and later,
with a geometric proof and a slight extension of the result, by Brunella and the author
[3], under the hypotheses:
. X is real analytic
. the period function of the nondegenerate multicentre, defined in U − {0} as the
first-return time of each periodic orbit, is bounded.
On the other hand, it is obvious that if X is a smooth vector field which is linearizable
near a nondegenerate multicentre, then its period function is locally bounded near the
multicentre.
Therefore an example of a nondegenerate multicentre whose period function is not
locally bounded near the stationary point is an example of non-linearizable nondegenerate
multicentre, too.
Theorem 1.3. There exists a C∞ vector field X defined in a neighbourhood V of the
origin 0 in R8 such that:
(i) 0 is a nondegenerate multicentre for X
(ii) X is not orbitally equivalent to the linear vector field defined by DX(0) in any
neighbourhood of 0: i.e., X is not linearizable at 0.
Moreover X has an analytic first integral whose level sets are Euclidean 7-spheres in R8,
and the period function of X is unbounded on each invariant 7-dimensional sphere with
sufficiently small radius.
Smoothness of the vector field X in the statement means infinite differentiability. Our
example is not real analytic.
The dynamical meaning of Theorem (1.3) can be stated as follows: it is possible to
perturb nonlinearly n ≥ 4 identical harmonic oscillators, keeping that energy is conserved
and dynamics are periodic for all initial data sufficiently close to the stationary point,
obtaining a truely nonlinear and uncoupled system. This is not possible if n = 1 (Poincare´,
Theorem (1.1)) or n = 2 (D. Epstein [4], Theorem (2.1) below).
The construction of the example in Theorem (1.3) is obtained by blowing up the sta-
tionary point, and by the following theorem which is perhaps of independent interest:
Theorem 1.4. There exists a smooth free action of S1 = U(1) on the Euclidean S7,
defined by a smooth vector field X, such that its minimal periods are unbounded. Moreover
there exists a smooth λ-family of vector fields Xλ : S
7 → TS7, λ ∈ [0, 1[, which smoothly
converges as λ→ 1 to the Hopf vector field, i.e. to the isochronous infinitesimal generator
of the Hopf circle bundle S1 →֒ S7 → CP3.
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We briefly outline how these results are obtained. In the next section we give a rather
detailed description, and a slight modification, of a celebrated example by D. Sullivan
[13] of a real analytic closed manifold foliated by circles through the trajectories of a
smooth vector field whose period function is unbounded. Our adaptation of Sullivan’s
example is a dynamical system consisting of two rigid bodies constrained to have the
same istantaneous rotation axis, having periodic dynamics, with unbounded period, for
any initial condition in their compact phase space. This example is developed in the
third section to give the proof of Theorem (1.4), and to deduce from it Theorem (1.3).
Theorem (1.4) follows directly from Theorem (3.1) which shows that there exist two Milnor
spheres [8], corresponding to the quaternionic Hopf bundles, which are diffeomorphic to
the Euclidean S7 and admit fibrations by circles, based on the Sullivan’s vector field, with
unbounded period function.
Aknowledgments: I wish to thank my collegues C. Benassi, G. Mazzuoccolo, G. P.
Leonardi for useful discussions, and F. Podesta´ for enlightening explanations.
The questions addressed in this article were brought to the author’s attention by the
collaboration [3] with Marco Brunella. During the rather long period it took to get these
partial results I had many times the pleasure to talk with him about this work. This
pleasure has been interrupted by his untimely disappearance: I dedicate this work to his
memory.
2. A vector field by D. Sullivan.
Let P be a closed differentiable manifold. The following question arose around 1950’s in
relation to stability theory of foliations (Reeb, Haefliger):
Let P be smoothly foliated by circles:
Is the lenght of the leaves a bounded function on P ?
The answer to this question is independent of the metric on P .
Let X be a vector field on P whose integral curves are the leaves of the foliation by
circles of P , and let
T : P → R+
be the (minimal) period function of X , i.e. denoting etX the flow of X let:
eT (p)X(p) = p
for every p ∈ P , while etX(p) 6= p if 0 < t < T (p). Then the above question is equivalent
to:
Is T bounded on P ?
The answer to this question depends only on the foliation by circles of P .
The affirmative answer to the above questions has been known as the Periodic Orbits
Conjecture, and it has been rather intensively studied around 1970’s. The main known
results are:
(i) The conjecture is true if dimP = 3 : this has been proved by D. B. A. Epstein [4],
who also proved the following theorem, which should be compared to our Theorem
(1.4):
Theorem 2.1. (Epstein) Any smooth free circle action on S3 defines a circle
bundle which is isomorphic to the Hopf bundle S1 →֒ S3 → S2.
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(ii) The conjecture is false if dimP ≥ 4. A smooth counterexample when dimP = 5
has been given by D. Sullivan [13]: in the same article it is also described a real
analytic example, due to W. Thurston. Later Epstein and Vogt [5] gave a real
analytic counterexample in dimension 4.
This section is devoted to a rather detailed exposition of Sullivan’s example outlined in
[13]. We felt it necessary due to the importance of this example in the proofs of our main
results and also in view of needed modifications of it. On the other hand the example by
Thurston, throughly explained in [13] and in the books [2], Appendix A by D. Epstein,
and [6], does not fit well for our applications.
Let π : S(S2)→ S2 be the unit tangent bundle of the Euclidean 2-sphere and denote:
M = S(S2)×S2 S(S
2) = {(p, p′) ∈ S(S2)× S(S2) : π(p) = π(p′)}.
M is the total space of the T 2-bundle (fiber product of S(S2) with itself) π : M → S2. The
representation of a vector field X : M → TM as X = (X1, X2) where X1(p, p
′) ∈ TpS(S
2),
X2(p, p
′) ∈ Tp′S(S
2) follows from the embedding M →֒ S(S2)× S(S2). We will denote:
H : S(S2)→ TS(S2)
the Hopf vector field, i.e. the infinitesimal generator of the S1-action on the unit tangent
bundle: rather explicit models of these mathematical objects will be given in the next
section, see (3.1) and the following remarks.
A smooth family of vector fields Yλ : M → TM is infinitely (or exponentially) flat as
λ → ∞ if near any (p, p′) ∈ M there exist local coordinates u on M such that for any
multindex k = (k1, . . . , k4) there exists two positive constants c1(k), c2(k) such that:
‖
∂‖k‖Yλ(u)
∂uk
‖ < c1(k)e
−c2(k)λ
for any λ > 0. Of course, the fundamental property of an infinitely flat family of vector
fields Yλ, which will be used several times in this article, is that, putting for instance
µ = 1
λ
, µ→ Yµ extends smoothly the family of vector fields originally defined in M×]0, 1[
to M × [0, 1[, with Y0 = 0. The following proposition is a slight modification of the result
outlined by Sullivan in [13]:
Proposition 2.2. There exists a smooth family of vector fields:
Xλ :M → TM
such that:
(1) for any λ ∈ R+ the orbits of Xλ are closed, with periods going to infinity as λ→∞
(2)
(2.1) Xλ = (H, 0) + Yλ
where Yλ is infinitely flat as λ→∞.
Moreover, through a locally invertible map p : R+ ∪ {∞} → S1, p(λ) = θ, one
can push forward Xλ to get a smooth vector field on a compact manifold:
X :M × S1 → TM × TS1
such that for any θ ∈ S1 each M ×{θ} is fibered by circles by the orbits of X, and
the periods of these orbits goes to infinity as θ → θ∗ ∈ {θ1, . . . , θN} = p
−1(∞).
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The manifold M in this proposition is a slight modification, suitable for our future use,
of the manifold where the example in [13] was originally defined.
The rest of this section is devoted to the construction pertaining the proof of this
proposition. It will be given in algorithmic form, divided in several steps. For reader’s
convenience, we summarize here the plan of the proof.
Firstly, we define in C ≃ R2 a closed continuous curve whose curvature k(q, λ) depends
on a functional parameter h(λ) and 1
k
, togheter with all its derivatives with respect to local
coordinates, tend uniformly on the curve to 0 as λ → ∞: we will say that 1
k
is infinitely
flat, for short. This curve is mapped on a small equatorial band of S2 by stereographic
projection, getting a closed curve on the sphere whose geodesic curvature kg has still
the property that 1
kg
is infinitely flat. The curve so obtained is not C1 because at one
point one generally has a corner, i.e. two different (asymptotic) tangent vectors form an
angle ∆θ. By an argument briefly sketched in Addendendum 1 in [13], for which credit
is given to N. Kuiper, we define a smooth deformation of it, defined by rotations of fixed
axis, given by the corner point on S2, with rotation angle smoothly depending on the
point on the curve, and coinciding with ∆θ in a left neighbourhood of the corner. This
modification provides a C1 curve and does not change the asymptotic property of the
geodesic curvature. Finally, a last modification, acting locally in a neighbourhood of the
smoothed corner, gives a C∞ curve on the sphere whose reciprocal geodesic curvature is
infinitely flat. The curve on S2 is lifted to a curve on M through the geodesic curvature
in the first factor, and through constant speed, equal to the reciprocal of the curve lenght,
on the second factor. These parameter-depending curve is moved along M by a natural
action of SO(3) ≃ S(S2) and the so obtained curves form the desired foliation by circles
tending to the Hopf fibration in the first factor as the parameter tends to infinity.
1st Step
We consider the family of trochoids depending on the choice of the smooth function
h(λ):
(2.2)
{
ρ(t) = 1 + a(λ)− h(λ) cos(t+ pi
2
)
θ = a(λ)t− h(λ) sin t
where 0 < a < h, a(λ) = g(λ)h(λ), h(λ) = o(1), g(λ) = o(1) as λ → ∞, t ∈ [0, 3pi
a(λ)
],
θ = θmod 2π: g(λ) must tend to 0 in a sufficiently fast way which will be precised in the
third step of this construction. The curvature of this family of trochoids is:
(2.3) ktr(ρ, θ, λ) =
ρ˙θ¨ − θ˙ρ¨
(ρ˙2 + θ˙2)
3
2
=
1
h
1− g cos(t + pi
2
)
(1 + g2 − 2g cos(t + pi
2
))
3
2
hence:
(2.4)
1
ktr
= h(1 + η1(t, λ))
where η1(t, λ) is smooth and
1
ktr
satisfies:
|
∂lk−1tr
∂tl
(t, λ)| < c(l)h(λ)
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for every l = 0, 1, . . ., uniformly with respect to t ∈ [0, 3pi
a(λ)
]: throughout all this section
we will refer at this kind of property saying that 1
ktr
is infinitely flat as λ→ 0, obviously
refferring to a suitable choice of h(λ) to be specified later.
We consider the family of plane curves:
γ(λ) : z(t) = ρ(t)eiθ(t)
t ∈ [0, 3pi
a(λ)
], z = x+ iy and compute their curvature:
k(z, λ) =
x˙y¨ − y˙x¨
(x˙2 + y˙2)
3
2
= ktr(z;λ)ξ(z;λ) + χ(z : λ)
where
ξ = ρ(
ρ˙2 + θ˙2
ρ˙2 + ρθ˙2
)
3
2
and
χ = θ˙(
ρ˙
(ρ˙2 + ρ2θ˙2)
3
2
+
1
(ρ˙2 + ρ2θ˙2)
1
2
).
Therefore:
(2.5)
1
k(z, λ)
= h(λ)(1 + η2(z;λ))
is smooth and infinitely flat as λ→ 0.
2nd Step
Firstly, we reparametrize the curve γ(λ) defined in the previous step with a parameter,
still called t, belonging to [0, 3π]: this reparametrization has no influence on the curvature,
and therefore also on the asymptotic of the reciprocal curvature and on the fact that
estimates of type (2.5) hold. γ(λ) is not a closed curve, in general. To get a closed curve
satisfying property (2.5) we define a non local deformation of γ(λ). Firstly, we observe
that the intersections between the trochoids defined by (2.2) and the curve ρ = 1 + a(λ)
are transverse, and occur at values of the parameter t whose distance is s(λ) ≃ a(λ),
hence s(λ) = o(1). Let t(λ) ∈]2π, 2π + s(λ)[ such that ρ(t(λ)) = 1 + a(λ): transversality
of the intersections implies that t→ t(λ) is smooth. Let:
(ρ, θ)→ Θ(ρ, θ) = −α(ρ)β(θ)
∂
∂θ
be a smooth vector field, and let 0 ≤ α, β ≤ 1 be smooth bump functions, such that:
supp α ⊂ [1 + a− 2h, 1 + a+ 2h]
supp β ⊂ [
3
2
π,
5
2
π].
Let (τ, ρ, θ)→ (ρ, ζ(τ, ρ, θ))) be the flow of Θ, and let τ0 ∈]0, s(λ)[ be the solution of:
ζ(τ, 1 + a(λ), θ(t(λ))) = 1 + a(λ).
The map:
φλ(ρ, θ) = (ρ, ζ(τ0, ρ, θ)
SMOOTH CIRCLE ACTIONS ON S
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transforms the trochoid defined in (2.2) in a closed curve, and the condition s(λ) = o(1)
implies that denoting:
(2.6) φλ(ρ, θ) = (ρ, θ) + F (ρ, θ, λ)
F and all its derivatives with respect to θ, ρ tend uniformly, with respect to the parameter,
to 0 as λ→∞. We still name γ(λ) the continuos closed curve parametrized by:
t→ φλ ◦ z(t)
t ∈ [0, t(λ)]: it is a smooth curve outside z(0), and we denote:
(2.7) ∆θ(λ) = angle (limt→0+ z˙(t), limt→t(λ)− z˙(t))
the angle between the limit tangent vectors at the ends of the parametrizing interval,
which in general is not 0. Of course:
∆θ : R+ → S1
is a smooth function of λ. From (2.4) and (2.6) it follows that the curvature of such
continuos closed curve satisfies a property of type (2.5), i.e. its reciprocal is infinitely flat
as λ→∞.
3rd Step
Let γ(λ) be the curve defined in the previous step of the construction, and suppose that
it is parametrized by t→ zλ(t), t ∈ [0, 2π]. We suppose that S
2 = {x ∈ R3 : x21+x
2
2+x
2
3 =
1} and denote φ−1 the stereographic projection from the south pole of the sphere S2 onto
the equatorial plane. Let:
Γ˜λ : t→ φ ◦ zλ(t).
The geodesic curvature k˜g of this curve on S
2 is expressed in terms of the Christoffel
symbols and the curvature k of γ(λ) as (see [7] (49.7) and the comment following that
formula):
k˜g(q, λ) = (Ω(t, λ) + k(φ
−1(p), λ))
√
∆(φ(p))
where ∆ is the determinant of the metric tensor and:
Ω =(Γ211(p)(x˙(φ
−1(p)))2 + (2Γ212(p)− Γ
1
11(p))(x˙(φ
−1(p)))2(y˙(φ−1(p)))+
(Γ222(p)− 2Γ
1
12(p))x˙(φ
−1(p))(y˙(φ−1(p)))2 − Γ122(p)(y˙(φ
−1(p)))2)t3
√
∆(φ(p)).
When λ is big enough, the image of γ(λ) through φ lay on a very thin equatorial band
on the sphere, and the Christoffell symbols are bounded togheter with all their derivatives
(actually in this case they tend to 0 uniformly with respect to the point on the sphere).
Moreover ∆(φ(p)) = 1+o(1). The derivatives of the paramatrization of γ(λ) are bounded
if g(λ) in (2.2) tends to 0 sufficiently fast, as we will suppose: in fact, with a suitable
choice of g(λ) the curve γ(λ) is approximatly 2π long, and its tangent vector rotates in
an approximately uniform way. Summarizing, there exsists C > 0 such that:
(2.8)
1
k˜g(q(t), λ)
= C(h(λ) + η3(t, λ))
where q is a point on the curve, η3(t, λ) is smooth, and
1
k˜g(q(t),λ)
is infinitely flat as λ→∞
uniformly with respect to t. In this way, we obtained a closed continuous curve, smooth
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everywhere except for a discontinuity of the unit tangent vectors at a point, where unit
tangent vectors form the angle ∆θ(λ). To get a closed C1 curve on S2 still satisfying (2.8)
we develop the argument due to N. Kuiper briefly outlined in [13], Appendix 1. Let:
t→ ηλ(t)
t ∈ [0, 2π], be a parametrization of Γ˜λ. We suppose that the discontinuity of the tangent
vector to Γ˜λ occurs at ηλ(0). Let Rλ(t) ∈ SO(3) be a rotation of axis ηλ(0) and angle
given by the smooth function:
α : [0, 2π]× R+ → S1
where:
α(t, λ) = δ(t)∆(θ(λ))
and δ : [0, 2π] → [0, 1] is a smooth monotone function, δ(t) ≡ 0 when t ∈ [0, π], δ(t) ≡ 1
when t ∈ [3
2
π, 2π]. Of course, α and all its derivatives are bounded. The curve:
Γλ : t→ Rλφ ◦ zλ(t) = ξλ(t).
is a closed C1 curve immersed in S2. In fact, continuity of the tangent unit vectors at the
point ξλ(0) follows from:
d
dt |t=2pi−
ξλ = Rλ(∆θ(λ))z˙λ(2π) = z˙λ(0).
To get an estimate on the geodesic curvature of Γλ, we use again (2.8) applied to a
parametrization of Γλ by t ∈ [0, 2π] and referred to suitable choices of local coordinates
on the sphere: though not necessarily small as for Γ˜λ, the Christoffel symbols appearing
in (2.8) are bounded independently of λ, and therefore we get the asymptotic behaviour
of the geodesic curvature:
(2.9)
1
kg(q, λ)
= C(h(λ) + η4(t, λ))
where as usual 1
kg(q,λ)
is smooth and infinitely flat. We have obtained a C1 curve on the
sphere, smooth everywhere except at a point, with geodesic curvature satisfying (2.9):
a local deformation of this curve transforms it in a smooth curve on the sphere whose
geodesic curvature still satisfies (2.9). The argument consists in smoothing a curve defined
as the graph of a C1 function u → f(u), |u| < 1, smooth outside u = 0: curvature
jumps at u = 0 from f ′′(0−) to f ′′(0+), and we modify f(u) in a small neighbourhood
[−a(λ), a(λ)] of 0, a(λ) → 0 and smooth, in two steps: firstly we interpolate linearly
between f(u(−a(λ)) and f(u(a(λ)), and then we smooth the corners with an arbitrarily
small change in the second derivatives. In this way we obtain the desired smooth curve,
still satisfying (2.9):
5th Step
So far we have defined a smooth λ-family of curves Γλ on S
2, having lenghts l(λ)
tending to infinity when λ → ∞, with reciprocal of the geodesics curvature which is
infinitely flat for λ→∞. We show now, following an argument in [13], that these curves
define a smooth λ-family of foliations of M tending as λ → ∞ to the foliation on M
defined by the vector field (H, 0), with asymptotic behaviour depending on the choice of
the functional parameter h(λ). Let (p, p′) ∈M : then π(p) = π(p′) = q and we will denote,
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with slightly redundant notation, (p, p′) = (q, v, w) where v, w are unit tangent vector to
the sphere. Recalling that SO(3) ≃ S(S2) we define the action of SO(3) on M :
(2.10) g ∗ (q, v, w) = (g ∗ q, dg(q)v, dg(q)w)
where g ∗q is the standard action by left multiplication of SO(3) onto itself. The curve Γλ
on S2 is lifted to a closed curve Γ′λ ⊂ S(S
2) associating to every q ∈ Γλ its unit tangent
vector. The curve Γ′λ is lifted to a closed curve Γ
′′
λ on M in the following way. Let p0 ∈ Γλ
be fixed. To any p = (q, v) ∈ Γλ we associate the lifted point (p, p
′) ∈ M such that
p′ = (q, w) where:
(2.11) w = ei2pi
l(p,λ)
l(λ) v.
Here l(λ) is the lenght of Γλ and l(p, λ) is the lenght of the arc in Γλ of extrema p0, p. In
other words, we add to the curve Γλ a unit tangent vector rotating with constant speed
1
l(λ)
once while the movable point goes on the curve Γλ. Let:
Γλ,g = g ∗ Γ
′′
λ.
The closed curves Γλ,g, g ∈ SO(3), define a smooth foliation by circles of M . To prove
this claim we must show that:
1. if g, h ∈ SO(3), g 6= h, then Γλ,g ∩ Γλ,h = ∅
2. for any (q, v, w) ∈M there exists g ∈ SO(3) such that (q, v, w) ∈ Γλ,g.
To prove the first property is equivalent to show that:
Γλ,g ∩ Γ
′′
λ = ∅
for every g ∈ SO(3), g 6= 1 . Let (q, v, w) ∈ Γλ,g ∩ Γ
′′
λ: then there exists (q
′, v′, w′) ∈ Γ′′λ
such that g ∗ (q′, v′, w′) = (q, v, w). Using that g is an isometry, we have that the angles
< v,w >, < v′, w′ > are equal, hence:
ei2pi
l(q,v,λ)
l(λ) = ei2pi
l(q′,v′,λ)
l(λ)
which implies that g = 1 . To prove 2 we observe that the standard action of SO(3)
onto itself is transitive hence for every (q′, v′) ∈ Γ′′λ there exists a g ∈ SO(3) such that
g ∗ (q′, v′) = (q, v). Among the elements of Γ′′λ there exists exactly one (q
′, v′, w′) such
that g ∗ (q′, v′) = (q, v) and w′ = ei2pi
l((q,v),λ)
l(λ) w. Summarizing, we proved that the Γλ,g,
g ∈ SO(3), λ ∈ R+, define a smooth family of fibrations by circles of M . The leaves of
this fibrations are the integral curves of the vector fields Zλ :M → TM , Zλ = (Zλ,1, Zλ,2),
defined, with local notation, by:
dπ(q, v, w)Zλ,1(q, v, w) = dπ(q, v, w)Zλ,2(q, v, w) = v
and: {
Zλ,1(q, v, w) = (v, kg(q, v, λ)H(q, v))
Zλ,2(q, v, w) = (v,
1
l(λ)
H(q, v)).
On the other hand, the scalar kg(q, v, λ) is globally defined on M and therefore:
Xλ(q, v, w) =
1
kg(q, v, λ)
Zλ(q, v, w)
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is a smooth family of vector fields having the properties specified in Proposition (2.2). In
fact, Xλ decomposes locally as:
Xλ = (Xλ,1, Xλ,2)
where:
Xλ,1(q, v, w) = (
1
kg(q, v, λ)
v,H(q, v))
and:
Xλ,2(q, v, w) = (
1
kg(q, v, λ)
v,
1
kg(q, v, λ)
1
l(λ
).
Let Xλ = ((0, H), (0, 0)) + X˜λ: we are going to show that X˜λ is infinitely exponentially
flat as λ→∞ if we choose:
h(λ) = e−λ.
Firstly, the fact that:
Xλ → (0, H)
as λ → ∞ follows from the above local definition of Xλ. Moreover, we observe that
Xλ and ((0, H), (0, 0)) are both invariant with respect to the action (2.10), hence X˜λ is
invariant, too. Invariance of Xλ follows from the definition of its integral curves as SO(3)-
translations of Γ′′λ, while SO(3)-invariance of the Hopf vector field on the first factor of
M follows from the well known property of congruence of Hopf circles. A proof of this
last property can be obtained, for instance, from the expression of the Hopf vector field
in (3.1) and the fact that the wedge product ∧ in R3 is invariant with respect to SO(3).
Therefore to prove exponential flatness of X˜λ we just need to prove it with respect to
derivations relative to a parameter along the curve Γλ, and this is what we proved in
(2.9).
To end the proof of Proposition (2.2) it remains to push forward this family of vector
fields on M × S1 through a suitable choice of a map p : R+ ∪ {∞} → S1: this part of the
proof is similar to, and simpler than, the analogous one in Thurston’s example. As we
will never use it in the rest of this article, we leave it to the reader.
3. Proofs of the main results
To help geometric insight we introduce a well-known model of π : S(S2)→ S2. Let:
S(S2) = {(x, y) ∈ R3x × R
3
y : |x|
2 = |y|2 = 1, x · y = 0}
where x · y = x1y1 + x2y2 + x3y3. Let: π(x, y) = x and define the Hopf vector field:
(3.1) H :
{
x˙ = 0
y˙ = A(x)y
where:
(3.2) A(x) =

 0 −x3 x2x3 0 −x1
−x2 x1 0


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hence A(x)y = y ∧ x, ∧ being the vector product in R3. Then π : S(S2) → S2 with
S1-action defined by (t, (x, y)) → etA(x)(x, y) is the ( Hopf ) unit tangent bundle of the
2-sphere.
The above model generalize to π : M = S(S2) ×S2 S(S
2) → S2 in the following way.
Let:
M = S(S2)×S2S(S
2) = {(x, y, z) ∈ R3x×R
3
y×R
3
y′ : |x|
2 = |y|2 = |y′|2 = 1, x·y = x·y′ = 0}{
π : M → S(S2)
π(x, y, z) = x
(H,H) :


x˙ = 0
y˙ = A(x)y
y˙′ = A(x)y′.
The vector fields Xλ defined in the previous section can be seen, for large λ, as the
following perturbation of (H,H):
Xλ :


x˙ = a(x, y, y′, λ)
y˙ = A(x)y + b(x, y, y′, λ)
y˙′ = c(x, y, y′, λ)
where a(x, y, y′, λ), b(x, y, y′, λ), c(x, y, y′, λ) are exponentially flat smooth functions for
λ→ 0.
We can embed M →֒ S(S2) × S(S2) as a subbundle of the cartesian product bundle
π × π : S(S2)× S(S2)→ S2 × S2 obtaining the family of vector fields, still named Xλ:
Xλ :


x˙ = a(x, y, y′, λ)
x˙′ = 0
y˙ = A(x)y + b(x, y, y′, λ)
y˙′ = c(x, y, y′, λ)
The slice {(x, x′, y, y′) ∈ S(S2) × S(S2) : x′ = x′0}, x′0 ∈ S2, is diffeomorphic to M and
invariant with repect to the above vector fields, the dynamics on the slices being those of
Sullivan’s example. Using the double covering SU(2) ≃ S3 → SO(3) ≃ S(S2) we can lift
this smooth λ-family of vector fiels to a still named Xλ family, defined on S
3 × S3: this
is the meaning that Xλ will have henceforth. Moreover we suppose that as λ → ∞ the
dynamics tend to the Hopf vector field on the second factor .
Let us consider the family S of S3-bundles over S4 having SO(4) as structural group:
the equivalence classes of these bundles are in one-one correspondence with the elements of
π3((SO(4)) = Z⊕Z, see [12] and (3.6) below, and therefore are denoted ξh,j, (h, j) ∈ Z⊕Z.
The ξh,j’s are defined as follows. Stereographic projections of S
4 = {u21 + · · · + u
2
5 = 1}
from north and south pole, N = (0, . . . , 1), S = (0, . . . ,−1), onto R4 with coordinates
vi = ui, i = 1, . . . , 4, gives S
4 = (R4
∐
R4)/ ≃, where v ≃ v
‖v‖2
, v 6= 0. We will make
free use of the identification C2 ≃ R4 ≃ H, where H is the quaternion algebra, and H1
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denotes the multiplicative group of quaternions of modulus one. The fibers of the bundles
are diffeomorphic to:
(3.3) S3 = {z = (z1, z2) ∈ C
2 : |z1|
2 + |z2|
2 = 1} ≃ H1 ≃ SU(2)
therefore we will denote: q ∈ H1, z = (z1, z2) ∈ S
3 and with abuse of language we will
identify q = (z1, z2) meaning that:
M(q) =
(
z1 z2
−z2 z1
)
or that q = a+ bi+ cj + dk, z1 = a + bi, z2 = c+ di.
We define the fiber bundles:
(3.4) ξh,j = ((R
4 × S3)
∐
(R4 × S3))/ ≃
where, denoting an element of S3 ≃ H1 as the quaternion of unitary modulus w, the
transiction function ϕSN,hj(v, w)) between the two trivializng charts of the fiber bundle is
given by:
(3.5) (v, w) ≃ (
v
‖v‖2
,
vhwvj
‖v‖
) = (
v
‖v‖2
, ϕSN,hj(v, w))
where h+ j = 1. Restricting the transiction functions to the equator {v ∈ R4 : ‖v‖ = 1},
one obtains the maps:
(3.6)
{
ϕSN,hj : S
3 → SO(4)
ϕSN,hj(v, w) = v
hwvj
where quaternion multiplication is understood: these maps classify ξh,j, for integers h, j,
h+ j = 1 [12]. In [8] Milnor proved that the total space Eh,j of each ξh,j is homeomorphic
to the Euclidean S7, but only the Eh,j such that k
2 − 1 ≡ 0mod 7, k = h − j, are
diffeomorphic to the Euclidean S7.
ξ1,0, ξ0,1 are the only principal SU(2)-bundles in S [14]: they are not isomorphic as
principal bundles, differing for the orientation of the fibers [8]. In fact, both ξ1,0, ξ0,1
are quaternionic Hopf bundles obtained from the restriction of the tautological bundle
H × H − {(0, 0)}/H∗ → HP to the Euclidean unit sphere S7 ⊂ R8 ≃ H × H and the
restriction of the action of H∗ = H−{0} to H1: ξ1,0 and ξ0,1 are obtained respectively from
left and right action of H∗. These remarks imply that E1,0, E0,1 are both diffeomorphic
to the Euclidean S7. Let us enter in some details concerning the definition of these
bundles, paying attention to their compatibility with a suitable notion of Hopf fibration
S1 →֒ S7 → CP3.
For instance, ξ0,1 is obtained from the intersections with S
7 of the right quaternionic
lines through the origin of H×H given by:
(3.7) q2 = q1v
where v is a quaternion variable parametrizing UN : these intersections are the fibers
π−1(v) ≃ S3, parametrized by the unit quaternions w. Let S1 →֒ S7 → CP3 be the Hopf
SMOOTH CIRCLE ACTIONS ON S
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fibration generated by the vector field:
H0,1 :


z˙1 = iz1
z˙2 = iz2
z˙3 = iz3
z˙4 = iz4
and let q1 = (z1, z2), q2 = (z3, z4). The fibers of ξ0,1 are invariant with respect to H0,1, for
from (3.7):
eitq2 = e
itq1v
therefore in trivializing coordinates H0,1 defines on each fiber the left action of S
1 on S3:
(eit, w)→ eitw
i.e. on each fiber ξ0,1 H0,1 define the Hopf vector field on S
3. The trivial identity:
(eitw)
µ
|µ|
= eit(w
µ
|µ|
)
and (3.5), (3.7 ) imply that the transiction function ϕSN = ϕSN,0,1 of this bundle commutes
with the flow of H0,1:
(3.8) ϕSN ◦ e
tH0,1 = etH0,1 ◦ ϕSN .
We syntethize this argument saying that ξ0,1 and the S
1-bundle defined by H0,1 are com-
patible. In the same way, ξ1,0, defined by the intersections of S
7 with the left quaternion
lines:
q2 = vq1
turns to be compatible with the bundle S1 →֒ S7 → CP3 defined by the vector field:
H1,0 :


z˙1 = iz1
z˙2 = −iz2
z˙3 = iz3
z˙4 = −iz4
A differentiable conjugacy betweenH0,1 andH0,1 is obtained by the trasformation (z1, z2, z3, z4)→
(z1, z2, z3, z4).
Theorem 3.1. In E0,1 there exists a smooth vector field:
X0,1 : E0,1 → TE0,1
whose integral curves define a foliation by circles of E0,1, with unbounded periods: an
analogous construction holds in E1,0.
Proof. We carry on the construction of the vector fields in the statement referring to a
general bundle ξ0,1 ∈ S, specializing to the cases of ξ0,1, ξ1,0 only when needed, see the
comment after this proof.
14 MASSIMO VILLARINI
Let (UN × S
3, ψN) and (US × S
3, ψS), UN , US ≃ R
4, be the two trivializing charts
defining ξh,j, (h, j) ∈ Z ⊕ Z, h + j = 1. The transition function between these charts is
ψ−1S ◦ ψN = (
v
‖v‖
, ϕSN(v, w)), where we recall that:
ϕSN(v, w) =
whvwj
‖w‖
.
Let:
(3.9) λ(u5) =
1
1− u25
and consider the diffeomorphism:
h : S3×]− 1, 1[×S3 → UN − {N} × S
3.
such that (spherical coordinates):
(3.10) h−1(v, w) = (
v
‖v‖
, ‖v‖, w) = (θ, r, w)
where θ ∈ S3, r > 0. The λ-depending family of Sullivan’s vector fields Xλ on S
3 × S3
introduced at the beginning of this section and (3.9) define a vector field X on the cylinder
S3×]− 1, 1[×S3, having each {u5 = constant} ≃ S
3 × S3 as an invariant manifold where
X = Xλ(u5). The diffeomorphism h sends this vector field to Y = h∗X which is well
defined in UN − {N} × S
3 and has the form:
Y :
{
v˙ = YB(v, w)
w˙ = YF (v, w, )
where v is a coordinate on the first factor in UN × S
3, the base, with v(N) = 0, and w
is a coordinate on the second factor, the fiber, and YB, YF are respectively the base and
fiber component of Y .
Firstly, we extend Y to a smooth vector field on UN × S
3, such that YB(0, w) = 0,
YF (0, w) = H(w), H being the Hopf vector field on S
3, defining on each fiber the flow:
(t, w)→ eitw.
In spherical coordinates defined by h−1, (3.9) the invariance ofXλ(u5) on {u5 = constant}
implies that:
Y :


θ˙ = Ys(θ, r)
r˙ = 0
w˙ = H(w) + o(1)
where o(1), Ys are smooth and exponentially flat as r → 0 as a consequence of the
analogous property of the Sullivan’s vector field, which differs from the Hopf vector field
on the second factor of S3×S3 for an exponentially flat vector field. This property implies
the extendibility up to the north polar fiber of Y . In fact, going back to (v, w)-coordinates,
the equation r˙ = 0 and the asymptotic property of Ys near the north polar fiber imply
that:
v˙ = rθ˙ = rYs(θ, r) = |v|Ys(
v
|v|
, |v|) = YB(v, w)
SMOOTH CIRCLE ACTIONS ON S
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while the vertical component YF remains unchanged. The vector field Yr(θ, r) satisfies:
limv→0
∂|l|
∂vl
(|v|Yr(
v
|v|
, |v|)) = 0
for any multindex l, which implies that Y extends smoothly at the north polar fiber as
the Hopf vector field on S3.
We still name Y the vector field obtained from this extension, and rewrite it in UN ×S
3
as:
(3.11) Y :
{
v˙ = YB(v, w)
w˙ = YF (v, w) = H(w) + Y˜F (v, w)
where YB(v, w), Y˜F (v, w) are exponentially flat as v → 0. The expression of this vector
field in US−{S}×S
3 is obtained changing variable in (3.11) according to (??). Let (u, η)
be trivializing coordinates in US × S
3, then:
(3.12)
{
u = u(v) = v
‖v‖
η = ϕSN(v, w) =
vhwvj
‖v‖
.
and the expression of Y in these coordinates is:
Y :


u˙ = ∂u
∂v
(v(u))YB(v(u), w(u, η))
η˙ = ∂ϕSN
∂v
(v(u), w(u, η))YB(v(u), w(u, η)) +
∂ϕSN
∂w
(v(u), w(u, η))(H(w(u, η))
+Y˜F (v(u), w(u, η))).
The differentials of the change of coordinates are singular at the south polar fiber, their
norms tending polynomially at infinity as u→ 0: on the other hand, u→ 0 is equivalent
to u5 → ±1 which implies that the horizontal part YB and the vertical term Y˜F go
exponentially fast to 0, leading to the following asymptotic expression for Y :
(3.13)
{
u˙ = 0
η˙ = limu→0
∂ϕSN
∂w
(v(u), w(u, η))H(w(u, η)).
where existence of the limit and its equality with the Hopf vector must be proved.
Here we turn to the case of ξ0,1 bundle: putting H = H0,1 in (3.8) we get:
∂ϕSN
∂w
(v(u), w(u, η))H(w(u, η)) = H(w(u, η))
and (3.13) follows.
The fact that, in this case, on the south polar fiber the extended vector field coincides
with the Hopf vector field follows from (3.8), too. Summarizing, we obtained a smooth
vector field on E0,1 ≃ S
7 whose integral curves have unbounded periods.
An analogous construction of a fibration by circles on E1,0 with unbounded lenght of
the leaves, is obtained adapting the above arguments to the case of left H∗ action on
the tautological quaternionic bundle: here the main change consists in defining the Hopf
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fibration S1 →֒ S7 → CP3 through the infinitesimal generator H1,0, and consistently
defining the H1 action on S
3 as:
(t, w)→ weit.
All the other arguments remain unchanged. 
One could wonder if a construction similar to the one just described for ξ0,1, ξ1,0 can be
extended to the other bundles of the family S: here the main obstruction is (3.8), which
probably asks for a suitable definition for every (h, j) of a Hopf-type vector field, defining
a S1- action on Eh,j which is compatible with the ξh,j bundle structure.
The proof of Theorem (1.4) follows immediatly:
Proof. (of Theorem (1.4)) Just apply the previous theorem to the case of E0,1 and recall
that it is diffeomorphic to S7. The last claim in the statement of the theorem, concerning
the existence of a λ-family of vector fields on the 7-sphere converging to the Hopf vector
field, will be proved, with explicit mention, along the following proof of Theorem (1.3). 
We can prove now the result on multicentres:
Proof. (of Theorem (1.3)) Referring to the proof of Theorem (3.1), we consider on S3×]−
1, 1[×S3 × R+ the Sullivan’s vector field Xλ, with:
(3.14) λ(u5, R) =
R
1− u25
.
where u5 ∈]− 1, 1[ and R ∈ R
+. For any fixed R let:
h˜(v, u5, w, R) = h(v, u5, w)
where h is the diffeomorphism defined in (3.10) and v, u5, w are coordinates on S
3×] −
1, 1[×S3. Let Y = h∗Xλ(u5,R) defined on the parallels {u5 = constant} ≃ S
3 × S3: the
proof of Theorem (3.1) shows that for every fixed R, a smooth extension of this vector
field defines a fibration by circles on S7 with unbounded period function. Let (r, z) be
spherical coordinates in a neighbourhood of 0 ∈ R8, related to x-coordinates on R8 by:{
r = ‖x‖
z = x
‖x‖
and let r = 1
R
. Writing Y in spherical coordinates:{
r˙ = 0
z˙ = Y (r, z).
From the definition of Sullivan’s vector field, when r → 0:
Y (r, z)→ H(z)
with exponentially fast convergence: this completes the proof of Theorem (1.4). The Hopf
vector field on the divisor of the blow up is:
H(z) = Az
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with A made of four identical diagonal blocks:
A =


R 0 0 0
0 R 0 0
0 0 R 0
0 0 0 R


where:
R =
(
0 −1
1 0
)
.
Therefore:
x˙ = rz˙ = rAz + ‖x‖Y (‖x‖,
x
‖x‖
)
hence:
x˙ = Ax+ Y˜ (x)
with Y˜ (x) a smooth exponentially flat vector field at the origin. The proof of the theorem
is complete.

We conclude making few remarks related to the results of this article.
Firstly, we point out that our example of non-linearizable nondegenerate multicentre
is neither Hamiltonian (with respect to the standard symplectic stucture on R8) nor real
analitic, and is therefore natural to wonder about an analogous example in these settings.
Moreover, our example differs from the linearized vector field at 0 for an infinitely
flat vector field, hence proving that no normal form argument can distinguish smooth
nonlinearizable nondegenerate multicentres from the linearizables ones.
Finally, we observe that a simple application of Seifert’s Stability Theorem [13], [1]
implies that any vector field Y , sufficiently C2-close to X and still having x21 + · · · + x
2
8
as first integral, has at least one periodic orbit of minimal period close to 2π, contained
in each level set of the first integral. Perhaps it would be intersting, if possible, to find
some reasonable genericity assumptions on Y in order that it has a sequence of periodic
orbits accumulating at the stationary point, having unbounded minimal periods.
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